Let M = (V (M ), E(M )) be a simple graph with finite vertices and edges. An N
I. INTRODUCTION
where c > 0 and d ≥ 0 are two integers and α is the number of all subgraphs isomorphic to N . The notion N -magic graphs was firstly introduced by Gutiérrez and Lladó in [7] . Lladó and Moragas [11] and Maryati et al. [12] , [13] investigated C n -(super)magic labeling of wheels, windmills, books, prisms for some n and P h -(super)magic labelings of shrubs, banana trees as well as G-supermagic labeling of a disjoint union of c copies of a graph M respectively. In [9] , Inayah et al. investigated the (c, d)-N -antimagic labeling for some shackles of graph M . In this manuscript, we studied super (c, d)-C n -antimagic labeling of mC n -path for differences d ∈ {0, 1, . . . , 5} and extend these results for super (c, 1)-mC n -antimagic labeling of disjoint union of isomorphic copies of mC n -path.
The associate editor coordinating the review of this manuscript and approving it for publication was Mingjun Dai . 
II. CHAIN GRAPH
A block of a graph M means a maximal component of a graph having no cut-vertex. In [5] , Chartrand define a block cut-vertex graph of M as a graph P where vertices of P are blocks and cut-vertices in M . Two vertices p u , p v of P are adjacent in P if and only if p u is block in M and p v is a cut-vertex in M belongs to the block. Reference [4] defines a chain graph as one with blocks S 1 , S 2 , S 3 , . . . , S m such that for all l, S l and S l+1 have a common vertex and the block cut-vertex graph is a path. Figure (1) shows a chain graph with blocks S 1 , S 2 , S 3 , S 4 .
Chain graph with m blocks of cycles C n will be denoted by mC n -path. We will assume m ≥ 2, n ≥ 3. For n = 3, mC n -path is the triangular snake and considered in [10] , [18] . Lee et al. [10] studied that a triangular snake is graceful if n ≡ 1, 2 (mod 4). In [8] , Hussain discussed the super d-antimagicness of mC 5 , subdivided mC 5 and union of isomorphic copies of mC 5 .
III. SUPER CYCLE-ANTIMAGIC LABELING OF CHAIN GRAPH
To define labeling in a convenient way, we will make some notations here. Let v 2 , v 3 , . . . , v m be the consecutive cut-vertices of the mC n -path. Denote the preceding adjacent vertex of v 2 by v 1 and the following adjacent vertex of v m by v m+1 on the mC n -path. Remaining n − 2 vertices of C (l) n -th block will be denoted by x
The vertex and edge set of mC n -path is:
The C (l) n -weight under a total labeling ψ would be:
Figure (2) shows an example of 4C 7 -path. Theorem 1: For integers m ≥ 2 and n ≥ 3, the mC n -path is super (c, 1)-C n -antimagic.
Proof: The total labeling ψ 1 is defined as:
and indices l are taken modulo m. Hence the mC n -path is super (c, 1)-C n -antimagic. This completes the proof.
Theorem 2: For m ≥ 2 and n ≥ 3, the mC n -path is super (c, d)-C n -antimagic for d ∈ {0, 2, 3, 5}.
Proof: The total labeling ψ d , d ∈ {0, 2, 3, 5} for l ∈ {1, 2, . . . , m} is defined as:
Clearly, the vertices assume least possible integers {1, 2, . . . , m(n − 1) + 1} under the labeling ψ d and edges receive labels {m(n−1)+2, m(n−1)+3, . . . , nm}. Therefore ψ d is a super total labeling. Now, using equation (1),
Equations (3) and (4) shows
and wt h 2 (R (l) ) has initial term c = 2nk(n − 1) + 3n, d = 2 and indices l are taken modulo m. Hence the graph mC n -path is super
n )) = {m(n−1)+2, m(n−1)+3, . . . , nm}. Therefore ψ d is a super total labeling. Now, using equation (1), (6) Equations (5) and (6) shows wt ψ 3 (C (l)
where indices l are taken modulo m. Hence the graph mC n -path is super (c, d)-C n -antimagic for d ∈ {3, 5}. This completes the proof.
Theorem 3: For m ≥ 2 and n ≥ 3, the mC n -path is super (c, 4)-C n -antimagic.
Proof: The total labeling ψ 4 is defined as:
Clearly, ψ 4 (V (C (l) n )) = {1, 2, . . . , m(n − 1) + 1} and edges receive labels ψ 4 (E(C (l) n )) = {m(n − 1) + 2, m(n − 1) + 3, . . . , nm}. Therefore ψ 4 is a super total labeling. Using equation (1)
Equation (7) shows wt ψ 4 (C 
IV. CYCLE-ANTIMAGIC LABELING OF DISJOINT UNION
Theorem 4: Let κ ≥ 2, m ≥ 2 and n ≥ 3 be positive integers and mC n -path admits C n -supermagic labeling. Then the disjoint union of κ number of isomorphic copies of mC npath, i.e., κ[mC n ]-path also admits C n -supermagic labeling.
Proof: Let κ be a positive integer. By the symbol ρ z , z = 1, 2, . . . , κ, we denote an element (a vertex or an edge) in the z th copy of the mC n -path denoted by mC n (z), corresponding to the element ρ in mC n , i.e., ρ ∈ V (mC n ) ∪ E(mC n ). Analogously, let C (l) n (z), z = 1, 2, . . . , κ, l = 1, 2, . . . , m be the subgraph in the z th copy of mC n -path corresponding to the subgraph C (l) n in mC n -path. Let us define the total labeling β of κ[mC n ]-path as follows:
It is not difficult to see that under the labeling β, the smallest possible labels {1, 2, . . . , κ(m(n − 1) + 1)} appear on vertices and β is a bijection between the integers {1, 2, . . . , [m(2n − 1) + 1]κ} and the vertices and edges of κ z=1 mC n (z). Therefore β is a super total labeling. Under the labeling β, the weights of every subgraph C (l) n (z), z = 1, 2, . . . , κ, l = 1, 2, . . . , m would be: 
−κ|V (C (l) n (z))| + |E(C (l) n (z))| +i|V (C (l) n (z))| − i|E(C (l) n (z))| = κwt ψ (C (l) n (z)) − κ|V (C (l) n (z))| + +|E(C (l) n (z))| + i|V (C (l) n (z))| − i|E(C (l) n (z))|.
As every C (l) n (z), z = 1, 2, . . . , κ, l = 1, 2, . . . , m, is isomorphic to the cycle C n it holds |V (C (l) n (z))| = |V (C (l) n (z))| = n, |E(C (l) n (z))| = |E(C n )| = n.
Thus for the C n -weights we get
It is easy to see that the set of all C (l) n (z)-weights in κ z=1 mC n (z) consists of same integers. Thus the graph κ z=1 mC n (z) is a C n -supermagic. This completes the proof.
V. CONCLUSION
An H -covering and H -antimagic labeling of graphs is the recent research trend in graph labelings. This extension of the edge-antimagic labeling generalizes the concept to H -antimagic and used in computer networks, theoretical computer science to optimize the data flow and network efficiency.
In this paper, we investigated the super (c, d)-C nantimagicness of mC n -path for differences d = 0, 1, . . . , 5 and extend the result for C n -supermagic labeling of disjoint union of isomorphic copies of mC n -path. One can extend the idea of cycle-antimagicness of mC n -path for arbitrary values of m, n and for differences greater than 5. 
